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§30) 2) Since addition, substaction, multiplication and composition of enitre functions is entire, the function
f(z) =222 — 3 — ze* + e~ 7 is entire.
§30) 5) Note that
|622+i‘ _ ‘62x+(2y+1)i| _ 621 and |€i22‘ _ ‘

. 2 2 . . 2 2
ez(z —y +21yz)‘ _ ‘672a:y+z(x —y )| _ 672my.

Therefore, by triangle inequality,

|622+i +eiz2‘ < ‘622+i| + ‘eizz‘ — 2% 4 o2y,

§38) 2) a) Since e¢* = cos z + isin z, we have
iz1 129

e*1e'”? = (cos z1 + i8in z1)(cos 23 + i sin 25)
= COS 21 COS 2z — 8in 27 sin 2z + i(sin 21 cos 22 + cos 27 sin z3)
Replace 21 and z2 by —z1 and —z5 respectively, we have

7’L‘Zl

e €~ "*% = oS z1 €08 23 — sin 21 Sin 2o — ¢(8in 21 coS 22 + €oS 21 sin 23)

1 . . . .
b) Since sin(z1 + 22) = —(e**e'*2 — ¢ **1e7**2) we have

1 , .
sin(er +22) = (e — eI
1
1
=5 [(cos 21 cos zo — sin 21 sin 2o + i(sin z; cos 22 + cos 21 sin 22))

— (cos 21 oS z9 — sin 21 sin zo — i(sin 21 €os 23 + €os 21 sin 22))]

= sin z1 CoOS 29 + €Os 27 sin zs.

§38) 8) Since |sin z|? = sin® x + sinh® y and | cos z|> = cos? z 4 sinh® y, we have

|sin z| = /|sin z|2 = \/sin? & + sinh? y > V/sin? z = | sin x| and
| cos z| = v/| cos 2|2 = \/cos? z 4 sinh® y > Vcos2 x = | cos z|.

§38) 15)

sin z = cosh 4
- sin z coshy + i cos z sinhy = cosh 4
== sinx coshy = cosh4 and coszsinhy =0



Note that if sinhy = 0, we have y = 0 and cosh4 = sinx coshy = sinz < 1, which is impossible.
Hence we must have cosx = 0 and hence x = mrJrg for some n € Z. Since sin x coshy = cosh4 > 0,

™
we have x =2nm + —, n € Z.

As a result, we have coshy = cosh4. Since the function coshy is strictly increasing on (0, c0) and

it is an even function, we have y = +4. Altogether, we have z = (g + 2n7r) +4i,n € Z.

§39) 1) Note that

ismhz—iez_e 2—1 ie‘z—i*'z —ez—'_eiz—coshz
dz dz 2 2 \ dz dz a 2 n
icosh _dete” 1 iez+—e*z *ez*ezfs'nh
dz S 2 2 \ dz dz a 2 -
§39) 2) To show that sinh 2z = 2sinh z cosh z,
a) note that
2z _ ,—2z
L.H.S. =sinh2z = € €
2
zZ _ ,—Z z —z 2z _ ,—2z
R.H.S. = 2sinh zcosh z = 2 (e 26 ) (e +2€ ) = ¢ 26 =L.H.S.

b) Since sin2z = 2sin z cos z, we have

sin2(—iz) = 2sin(—iz) cos(—iz)
—isinh 2z = 2(—isinh z)(cosh(z))

—
— sinh 2z = 2sinh z cosh z.

§39) 8) Note that

sinhz =0 <= |[sinhz[>=0
< sinh?z +sin’y =0
<= sinhz =0 =siny
< z=0andy=nm,ne’Z
—

z=nmi,n € 2.
Similarly,
coshz =0 <= |coshz|? =0
sinh? z + cos? y=20
sinhax =0 = cosy

szandy:g—i—mr,nEZ

r1rie

z = (g—l—mr)i,nEZ.



